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Abstract—It is well known that there exists a tradeoff . - Brgodic Capacity vs. SNR
between the diversity gain and the multiplexing gain —#— 1x1 SISO
H H H —+— 2x2 MIMO
aghlevable by a particular MIMO. coding scheme. In o MIMO
this report we first look at the optimal trade-off in the 201 | o 4x2 MIMO
infinite signal-to-noise (SNR) regime of both Rayleigh TE T 4xaMIMO
—©6— 8x8 MIMO

independent and identically distributed (i.i.d.) channek
and a more general MIMO channel model. We then look
at the tradeoff of both Space-Time Block Codes (such as
Alamouti code) and BLAST Detection schemes. The effect
of non-identically distributed and correlated channels is
also briefly discussed. Finally, the diversity multiplexirg
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(DIV-MUX) tradeoff is presented under the finite SNR °
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Fig. 1: Ergodic Capacity of MIMO Channel without
|. INTRODUCTION Csl, Rayleigh i.i.d.

I N recent years, Multiple-Input, Multiple Output

(MIM.O) antenna systems have generated a great dﬁ/ﬁl\/lo channels. In Section IV explores the DIV-MUX
OT _attentlon from both the research and indusiry COMMYZ deoff achieved in real schemes as well as relaxing the
nities. These systems have been shown [1] that they qﬂah SNR assumption in Section V. Finally we draw

Improve system perfg_rmance quite dramatic_ally. TO 43S me conclusions on the DIV-MUX tradeoffs and pro-
researchers have utiized MIMO for both diversity aR50se some future directions for this work in Section VI.
proaches to improve error performance [2] or to increase

spectral efficiency via spatial multiplexing [3]. In initia Il MIMO
research into MIMO systems, these schools of thought '
were segmented whereas a given scheme would attemgft general, we can represent a flat-fading multiple-
to either improve diversity or increase multiplexing bufiPut, multiple output (MIMO) antenna system wifliy

not both. In more recent works, researchers have focudgnsmitter antennas antl receiver antennas can be
examining the tradeoffs associated with diversity arf§Presented as [1]

multiplexing. The major pioneering work that studi_ed r(t) = H(t)s(t) + n(t) 1)
these tradeoffs was by Zheng et. al [4] where the optimal
diversity tradeoff in Rayleigh i.i.d. channels was studietvhere r(t) is the Mg x 1 receive vectors(t) is the

In this work we look at recent developments in thd/r x 1 transmitter vectorH(t) is the Mg x My
understanding of the diversity-multiplexing (DIV-MUX) channel transfer matrix with entrigs ;(¢) representing
tradeoff with a focus on the initial work by Zheng [4].the transfer function from thg’t transmitter antenna
The remainder of this project is divided as follows. Ito the ith receiver antenna and(t) as theMp x 1
the next section we describe a general MIMO systeadlditive noise vector with i.i.d. entries such thegt) ~
and define diversity gain and multiplexing gain in th€ N (0, NoI,,).
context of MIMO systems. In Section lll, we examine The strength of MIMO lies in the methods of pre
the optimal trade-off in both Rayleigh and more generahd post-processing the transmitted and received vectors
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(s(t) andr(t) respectively) to exploit the fact that thesatisfies the below equation.
entries ofH(t) are not identical meaning that the transfer

function between individual antenna pairs may diffef’ PriC(t) < R] (4)
Codes used for pre-coding determine the ability of a — p, [logQ det ([MR + lH(t)H*(t)) < R} (5)
system to achieve either diversity or multiplexing gain, My

or a tradeoff of both; it is the tradeoffs of these that akghich also depends on the distribution of the MIMO

discussed in this report. channel matrix. The above ratB is the p% outage
capacity.
A. Channel Capacity B. What is Diversity

The channel capacity of the MIMO channel above is Diversity is in the context of MIMO systems relates to
time varying. It is well known [1] that the MIMO channelthe ability of a system to improve performance via the
capacity for an open loop MIMO system (one withoutliffering transfer function between antenna pairs. The
channel feedback) is given as concept of diversity gain is a method used to evaluate

the diversity of a given scheme. The diversity gain of a
C(t) = log, det <IMR + %H(t)HT(t)> bps/Hz (2) system measures the decay of the probability of error
! with respect to the signal-to-noise ratio (SNR). It is

The time varying capacity quantity is often of verysommon [4] to measure this quantity as
little use in practice. Therefore there have been two log P.(7)
alternative capacity definitions defined: Ergodic and Out- lim — 22 = ¢ (6)
age capacities. The ergodic capacity of a MIMO is the 1o logy
expectation over all realizations of the channel such aghereP.(v) is the average probability of error at SNRR=

and d is the diversity gain. Note that this definition

C =En [logz det <IJ\/[R + %HHTH bps/Hz (3) is asymptotic and in the high SNR region (where the

t probability of error decays in a linear fashion). Figure 2
where the expectation is over the distribution H. shows how diversity gain is measured. A higher diversity
For various channels (such as Rayleigh i.i.d. [5]) this ain ensures a lower probability of error for a given SNR.
well known and is given in Figure 1 for various MIMOThe result being that more reliable communication can
configurations. be achieved with a given transmission power, or alter-

The outage capacity describes the rate at which matively transmission power can be reduced to achieve
liable transmission can be guaranteed with a certancertain target performance. We have previously pre-
probability. Denotingp is the probability of an outage sented the definition of the outage capacity. The outage
event, the outage capacity is given as the rRBtéhat capacity formulation is used by Zheng to derive [4] the



optimal DIV-MUX tradeoff by way of placing bounds 1) Optimal Tradeoff: The derivation of the optimal
on the upper and lower probability of outage versus thiedeoff is based on the slope of the outage probability as
probability of error. SNR goes to infinity. Alternatively, this occurs when the
smallest eigenvalue of the channel mafiixapproaches
C. What is Multiplexing 0 and therefore is based on the distribution of the eigen-
' values of the channel (and therefore resulting channel
Multiplexing is used by MIMO systems to increase thetructure). For brevity, this optimal tradeodf(r) is
system throughput. This is accomplished by transmittinven as the piecewise function connecting the points
multiple streams of data through the multiple antennas. 4(r)) where
It is widely discussed that a full rank, richly scattered
MIMO channel’'s capacity approximately scales with the d(r) = (Mg —r)(Mr —7), r=0,....,M  (8)
number of antennas. This potential scaling factor d@mere A7 = min{A7, M,}, and the coding blocklength
scribes the gain achievable using a MIMO channel ovgr greater than\iy + My — 1.
a SISO channel without increasing channel bandwidth orp) jock Length Dependance: The capacity expres-
sacrificing performance and is shown in Figure 3. Thgons in general (such as the one in (2)) assume that
spatial multiplexing gain is commonly computed as [4]nfinite code word lengths are used to encode data over
. R(v) the channel. However Zheng has shown [4] that the
,}1_{20 logy () above optimal tradeoff result is valid for block lengths
where R(vy) is the data rate at an SNR ofandr is the greater thanVf + Mp — 1 _for Rayleigh i.i.d. chanrjel_s._
spatial multiolexing aain. rom a trade-o_ff stan_d pomt,_the perf_ormance of infinite
P P 99 codes lengths is achieved with practical block lengths.

[1l. OPTIMAL DIVERSITY-MULTIPLEXING TRADEOFF B. General Channels

To describe the optimal DIV-MUX tradeoff, consider the work by Zheng provided insightful results into the
the MIMO channel discussed in Section II. We Obser‘@ptimal trade-off between diversity and multiplexing in
that both the outage and ergodic capacities depend \@fMo channels. However this result was limited to the
the distribution of the channel entriés ;. As such the Rayieigh i.i.d. channels. The work by Zhao [6] extends
remainder of this this Section will be divided into tWQhis by applying results from Zheng and expanding this

parts. In the first part, we discuss the optimal trade-qff gerive the optimal trade-off in channels with general
in Rayleigh i.i.d. channel as in [4] and the dependang@,nnel distributions.

on block length. We will further extend this to general 1) Extension: To describe the extensions by Zhao

channel distributions in the second part of this Sectioye genote the following probability distribution function
(pdf) R

A. Rayleigh Fading MIMO Channel pu(h) = alh|'e b= )

The optimal DIV-MUX tradeoff was originally de- wherea > 0, b > 0, 8 > 0,t € R, andc € C
scribed by Zheng in [4]. For simplicity we will notwhere R andC denote the set of all real and complex
reproduce the entire derivation here as it is quite lengtiimber respectively. The above equation can be used
but for brevity we simply state the result and refer thi®s describe numerous channel distributions. Common
interested reader to Zheng’s work in [4] for the entirehannel model parameters are shown in Table | with
derivation. additional parameters explained in [6]

TABLE I. Parameters of Various Fading Channels

Channel PDF a b c t B
. 1 h|? 1 1
Rayleigh —e 0 — — 0 0 2
mQ mQ Q
- 1 [h—n|? 1 1
Rician e — — “w 0 2
mQ T Q
. m™|h|?m=2 _ min? mm m
Nakagamim ——e¢ _ — 0 2m-2 2
QM (m) Q™I (m) Q
. Q- [ Q-
Weibull | &5 |po—2e- (e & QO 0 a-2 a
21 21
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Fig. 5: Optimal Diversity-Multiplexing Tradeoff in
Rayleigh i.i.d. Channels '9 p Iversity-Multiplexing i

General i.i.d. Channels

As in [4], the derivation of the optimal tradeoff is nonchannel model is given as [7]
trivial and for the sake of brevity we simply present its 1
result. Assuming a large enough block lengthl efhere T
| > My + MR — 1+ MpMgt/2, the optimal tradeoff VI{Re,}
d*(r) is given as the piecewise function connecting th&here Rg, and Ry, are the receiver and transmitter
points below agr, d(r)) where spatial correlation matrices arid is the uncorrelated in

, space MIMO channel matrix as before.
d(r) = { (Mg — T)QWT =) Z_f r - l,....M Under the above correlation model, the optimal diver-
MpMr + g MpMy if =0 (10) sity multiplexing tradeoff has been shown [6] not to be
affected by spatial correlation if the following condit®n
are met:

1) ranKRg, } = Mg, and

2) ranKRg.,} = My
i.e., the receiver and transmitter correlation matrices ar

full rank. This results implies sufficient conditions on

 We have previously discussed the optimal tradeqffs channel correlation structure to maintain the optimal
in the case of spatially white, Rayleigh i.i.d. channelgy\, \vux tradeoff

However in practice, there may exist spatial correlation
in the MIMO channel matrix or entries may not be ,
identically distributed. D. Observations

1) Non-Identically Distributed Channels: In general, N the above subsections we have examined the op-
it is possible the individual channel entriés; are not timal DIV-MUX tradeoff in both Rayleigh and more
identically distributed, but each entry can be generaliz@§"€ral channels. The optimal tradeoff for a Rayleigh
by the above model. As previously realized, only thi-d- MIMO channel is shown in Figure 4 while we con-
tradeoff region where < 1 differs from that Rayleigh Strast that to the_ tra(_jeoff of a more general |.|:d. MIM_O
i.i.d. In this case, we can generaliZéd) such that channel model in Figure 5. We make some interesting
observations on the optimal tradeoff. Firstly, we observe

Ry HR;)" (12

corr —

C. Non-ldealities - Correlation and Non-ldentical Dis-
tributions

Mg Mr

B that the general model yields identical tradeoff to that of
d(0) = MrMr + Zzt”ﬂ 1D e Rayleigh model for a multiplexing gain af From
=1 3=l a design standpoint, this means that a broad class of
2) Kronecker Correlated Channels: A common channels yield identical optimal tradeoff in the region of

model to incorporate the effect of channel correlation is> 1. Secondly, the optimal trade-off can be achieved
the Kronecker correlation model. This Kronecker MIMQuvith relatively low blocklengths ¥ My + Mr — 1 +
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Fig. 6: Optimal Tradeoff of Alamouti and D-BLAST Strategies

MgrMryt/2). This is an important characteristic, as thig\lamouti code discussed above is the only code that is
means optimal codes can be designed for delay sensifui rate, and only Quasi-Orthogonal codes for systems
applications. Finally we have examined the restrictiorabove 2 x 2 are full rate but sacrifice the maximum

on the correlation structure of the channel in maintainirdjversity tradeoff achievable with the Alamouti scheme.
the overall DIV-MUX tradeoff.

C. D-BLAST

Diagonal Bell Laboratories |1Ayered Space-Time (D-
BLAST) coding designed by Foschini [9] describes a

In the last section we examined the optimal diversitynethod of being able to achieve both diversity and mul-
multiplexing tradeoff achievable by an optimal codingiplexing gain. This is accomplished by transmitting data
scheme. In this section we examine the tradeoff achiewer multiple streams in a diagonal fashion which allows
able by the Alamouti and BLAST detection schemes.symbol detection and cancelation. A simple transmit
configuration for4 x 4 D-BLAST is given as

IV. DIVERSITY-MULTIPLEXING TRADEOFF OFREAL
SCHEMES

A. Alamouti $1 Sy S3  Sa

Alamouti coding is a block coding scheme where c—| % St s2 83 (15)
data is coded across multiple antennas to increase the $-1 S0 S1 82
diversity gain. The Alamouti scheme for2ax 2 MIMO S—2 S-1 S0 51

antenna system is well known as [2] where we can clearly observe the matching symbols on

s1  So the time diagonal. Assuming a square MIMO channel
C= [ b o } (13) (n = My = My), the DIV-MUX tradeoff achievable

2 o by D-BLAST then is given by [4] the curve connecting
where s; and s, are data symbols. Further, it is Well(r, dp(r)) where

known that these schemes can achieve the full diversity
gain. For Rayleigh i.i.d. channels, Zheng showed [4] dp(r) = (n—r)n—r+1) (16)

B 2
da(r) = MpMy(1 —r)* (14)

where (z)* = min(0, z).

D. V-BLAST

Vertical BLAST (or V-BLAST) [3] is extension of D-
BLAST designed by Wolniansky et. al. V-BLAST em-
B. Larger Space-Time Block Codes (STBCs) ploys a simpler detection scheme relative to D-BLAST

Although STBCs for larger MIMO systems exists, wéy not employing inter-stream coding. A simple V-
note however that Tarokh in [8] proved that the full ratBLAST scheme employed in 4x 4 MIMO system can



be given as Algorithm 1 Zero-Forcing V-BLAST Detection with
Ordering

S1 S5 89 513
c=| % ° S S (17) Initialization:
83 ST 811 S15 - 1 e
S4 S8 S12 S16 2: i -
. 1 =
The design of V-BLAST results in a much more simplig: G, — H*

fied detection scheme than D-BLAST whichiswhy ithag. 1, — arg min 1(G)|I2
attracted significant attention in recent years. V-BLAST !
detection is an iterative process wherein symbols from Recursion whilei < Np:
each transmitter antenna are detected and subsequefilyy, — (G,)

. . i)k}
canceled during each symbol interval. 6: yp =wlr !
Without any consideration for ordering of detecteg. @f _ Q(T%)
symbols, the DIV-MUX tradeoff achievable by V-g. I'i-;—lzri—lafl;(H)k-
BLAST is given as [4] 9 Gy = HE ' '
Gy "
T\t 10: kjy; = argmin; 1(Giz1)]1?
dy(r)=(1-— 18 i+l EMUMig g, ..k} I{&i+1);
v(r) ( n> 18 11 i it

1) V-BLAST with Optimal Ordering: In V-BLAST,
symbols are sequentially detected and canceled to decode
an entire set of symbols. It was first noted in [3] thajain while it can only provide a fraction of the overall
by dynamically choosing the detection order such thg{aximum diversity gain.
at each stage of detection, the post-processing SNR isn Figure 7 we demonstrate the tradeoff of V-BLAST
maximized, V-BLAST performance can be improvedyithout ordering, with optimal ordering and with rate
Pseudocode for optimal detection ordering for V-BLASdaptation respectively. All three schemes can achieve
can be found in Algorithml where x denotes the the full multiplexing gain, however only the rate adap-
pseudoinverseQ(-) denotes quantized symbol selecration scheme can provides upwards of a diversity gain
tion and HE denotes the matrix where the cqumngqua| to the number of antennas We note that alB
ki,...,k; have been zeroed out. Optimal ordering hagp| AST detection approaches fall short of the perfor-
been shown [4] to provide an upper bound on the DI¥nance of D-BLAST shown in Figure 6. This tradeoff is
MUX tradeoff such that a result of the lack of inter-stream encoding in V-BLAST
dy orderea(r) < (n— 1) (1 _ f) (19) and is _afforded in praptice due to the de_creased imple-
n mentation complexity in V-BLAST detection compared
2) V-BLAST with Per-Sream Rate Adaptation: In to D-BLAST.
lieu of optimally ordering the independent streams, a
designer may vary the rate allocated to each substreafn DIVERSITY-MULTIPLEXING TRADEOFF IN FINITE

to achieve and overall multiplexing gain. The DIV-MUX SNR
tradeoff in this case can be given as the piecewiseThe optimal DIV-MUX tradeoff characterized by
function [4] connecting, n — k) where Zheng and further by Zhao provided insight into the
k—1 , tradeoff in the infinite SNR regime. In practice however,
T = Z k _Z, (20) wireless communication systems do not operate in this
i—o v region. The work by Narasimhan et. al. [10] looks at

the finite SNR tradeoff for both orthogonal space-time
block codes (OSTBCs) and with horizontally encoded
E. Observations spatial multiplexing (SM-HE) codes under Rayleigh i.i.d.

The performance of both the Alamouti scheme arf@nditions. OSTBCs are a set of codes that include
the D-BLAST scheme is shown in Figure 6 along with€ Alamouti scheme while SM-HEs encompass the V-
the optimal DIV-MUX tradeoff. We observe that theBLAST detection scheme. . N
Alamouti scheme can achieve the full diversity gain 10 describe the performance we define a new defini-
offered by the channel, however can only achieve ti@n of both diversity and multiplexing gain as
maximal diversity gain ofl. D-BLAST on the other R

hand provides the ability to provide the full multiplexing rlp) = log,(1 4+ p) (21)
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P out\Ty P
d(r,p) = — . 22
(r.p) Pout(r, p) dp 22)

) i i . o . The performance of V-BLAST detection at finite SNR
where the diversity and multiplexing gain is a functiogienends highly on the receiver processing technique. The

of SNR p. most simple processing technique is zero-forcing [11]
where the channel inversion is performed. An example
of the V-BLAST detection algorithm is given in Algo-

A. Alamouti

rithm 1. It is well known [1], [3] that the post-processing

Based on the above definition, it is sufficient to kno y\R of each stream is not identical. The work in [10]
’ %cuses on simultaneous detection, and therefore we note

the outage probability for a given SNR and mUItIplexIn.@at the diversity order of the stream does not increase

g?: L‘lI;‘gtz’]avx?]eT?l\tihtﬁzghiléﬁéﬁfigzzufs capacl¥ith each detection stream. Under this assumption, the
outage probability is dominated by the weakest stream’s
C(t) = logy(1 + MLHH(t)H%) (23) post-processing SNR. The resulting outage probability is
T given as [10]
where||-||% is the Frobenius norm operation. The outage

probability can then be described as [1] Pou(r,p) = PiCu(t) <rlogy(1+p)]  (28)
where Cy(t) = Mr1 1 in, ;) and n;
Pou(r.p) = PHC(H) <rlogy(1+p)]  @4) (FU0 (8) = Mrlogs (14 mitieqi...ur) ) and
_ DEF ey — U, MrMe) ,
N (MTMR—l)! ( ) = i:1,...,MT (29)

Mr[(HTH) =’

ml;frer(x,a) is the incomplete gamma function Sucb/vhere 1):; denotes the(z‘,j)th clement of the core-
z sponding matrix. In [10], bounds are placed on the
[(z,a) = /t“‘le‘tdt (26) resulting outage probability. The upper bound is given
0 as
Finally by using (22) and (25) one can obtain thg P(%[(l + p)r/Mr 1], Mg — My +1) 30
diversity tradeoff for Alamouti code as given in (27). ~ ¥V — (Mg — Mr)! (30)

M (Mr[(1 4 p)r — )Mt My : ; .
sk T T (=204 o7 = ) [0+ o = 1=l o] (2)




ﬁ(&X)MT—MR o
d T, = p P ex <—X>
LB( P) F(%X,MT—MR—I—l) p P)
M2 M3 A\ Mp—M
Mr (M x\Mr—Mrg a2
dup(r.p) = —3p ) eXp< TX) (X
F(TTX,MT—MR—I—I) P

X - ]\Z—p(l +p)" MY X = (14 p)" /M —1(33)

T

= L2 (14 ) MY X = (14 p) /M — 1 (34)
My

and the lower bound as
D(M2[(1+ p)r/Mr —1], Mg — M + 1)
(Mp — Mr)!

PoutL =

A. Future Work

In future work we will examine the actual stream bit
error rates such as those examined by Loyka [12], [13]

) ) _to determine the error rate performance of the V-BLAST
Finally using (22), (30) and (31) one can obtaifeection scheme for implementation.

the bounded diversity-multiplexing tradeoff for the V-
BLAST architecture as

dLB(T7 p) < dV(T7 p) < dUB(ra p) [1]

wheredp(r, p) anddyp(r, p) are givenin (33) and (34) 7]
respectively.

(32)

. (3]
C. Observations

Figures 8 and 9 show the finite SNR tradeoffs of
the Alamouti and V-BLAST schemes respectively. From
these we draw several important conclusions. Firstly wg]
note that the required SNR in order to approximate the
infinite SNR performance is quite high for both transmisI5
sion schemes>{ 50dB). This means that the optimal
tradeoff Alamouti and V-BLAST tradeoff derived by
Zheng is limited in the sense that it largely varies unde[r6]
practical SNR values.

For the case of the V-BLAST detection, we also note
that for low the SNR region, the upper and lower bounds
on the DIV-MUX tradeoff are quite large and in fact |
for low SNR the full multiplexing gain is not easily
exploited. The upper and lower bounds converge for higi8]
SNR.

(9]
VI. CONCLUSION

In this project we have examined the optimal diversity-
multiplexing tradeoff of MIMO systems under both10]
Rayleigh i.i.d. conditions and a more general MIMO
channel model. Graphs showing these resulting tradeoffs
as well as the tradeoffs of the Alamouti and BLAST;y)
schemes were generated for both the infinite and finite
SNR diversity-multiplexing tradeoff. Results, restricts  [12]
and complexities concerns were briefly analyzed and
conclusions drawn as well as a simple V-BLAST de-
tection algorithm was described.. [13]
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